characterization problem of continuous endomorphisms was firstly considered by the second author [7] . Some class of differential operators of infinite order was introduced and a part of characterization of continuous endomorphisms was discussed. A similar class has been introduced in [1] , [2] and some applications to superoscillations (cf. references cited in these articles) have been given. We also note that several similar classes of infinite order differential operators with constant coefficients or with polynomial coefficients were introduced and studied by [14] and our work is inspired by this thesis. In this article, we give a complete answer to the characterization problem of the continuous endomorphisms in the space of entire functions of a given order. A partial answer to this problem, for the case where p > 1 and of normal type, is announced in [3] .
The plan of this paper is as follows. In the second section, we recall some definitions of the spaces of entire functions and give some refined estimates of the derivatives of entire functions. In the third section, we introduce a class of differential operators of infinite order and show that this is exactly identified with the space of continuous endomorphisms of the space of entire functions of a given order of normal type. In the fourth section, we give a similar result for the case of minimal type. We give some examples and comments for generalization in the fifth section.
The spaces of entire functions of a given order
Let p and τ be positive numbers. Let A p,τ denote the set of all entire functions f of n complex variables z = (z 1 , z 2 , . . . , z n ) ∈ C n such that
Here we set |z| = |z 1 | 2 + |z 2 | 2 + · · · |z n | 2 . We call f p,τ the (p, τ )-norm of f . The set A p,τ becomes a Banach space with the norm. If τ < τ ′ , there is a natural inclusion mapping A p,τ ֒→ A p,τ ′ . This mapping is a compact operator. Let A p (resp. A p,0 ) denote the inductive limit (resp. the projective limit) of the family {A p,τ } τ >0 of the Banach spaces:
This becomes a DFS (resp. FS) space (cf. [4] ). An entire function f ∈ A p (resp. f ∈ A p,0 ) is said to be of order at most p of normal type (resp. of order at most p of minimal type). A linear operator F : A p −→ A p is continuous if and only if for any τ > 0 there exist C > 0 and τ ′ > 0 for which Similarly, a linear operator F : A p,0 −→ A p.0 is continuous if and only if for any τ > 0, there exist C > 0 and τ ′ > 0 for which
To unify descriptions, we set s p = max{2 p−1 , 1}. The following estimates for derivatives will be effectively used:
Here we set
Proof The Cauchy formula shows
holds for any r > 0, where we set ζ = (ζ 1 , ζ 2 , . . . , ζ n ). Since f ∈ A p,τ , we have
for all z ∈ C n . Hence we have
Here we have used the Hölder inequality for the case p > 1. Combining (2.4) and (2.6), we have
for all r > 0. Taking the minimum of the right-hand sides of (2.7) with respect to r, we have (2.3).
The case of normal type
Let us consider a formal differential operator of infinite order with entire coefficients:
where α runs over Z n ≥0 . Let p be a positive number and q a real number satisfying
For such an operator P , the following four conditions are equivalent:
(I) For any ε > 0, there exist B > 0 and C > 0 for which
holds for any z ∈ C n , α ∈ Z n ≥0 .
(II) For any ε > 0, there exist B > 0 and C > 0 for which
(III) For any ε > 0, there exist B > 0 and C > 0 such that
holds for any α ∈ Z n ≥0 .
(IV) For any ε > 0, there exist B > 0 and C > 0 such that
Here and hereafter we use the standard convention for the multi-indices, that is, for α = (α 1 , α 2 , . . . , α n ) and β = (β 1 , β 2 , . . . , β n ) ∈ Z n ≥0 , we set α±β = (α 1 ±β 1 , α 2 ±β 2 , . . . , α n ±β n ) and z α = z
. . , z n ), etc. We write β ≤ α if and only if β k ≤ α k for all k = 1, 2, . . . , n. The equivalence of the first two conditions follows from the following estimates which hold for any α ∈ Z n ≥0 :
The equivalence of the first and the third (resp. the second and the fourth) conditions comes from the definition of (p, τ )-norm · p,τ .
Definition 3.1 . The set of all formal differential operator P of the form (3.1) satisfying one of the conditions (I)-(IV) is denoted by D p .
Theorem 3.2 (i)
Suppose that P ∈ D p has the form (3.1). For an entire function f ∈ A p ,
converges and P f ∈ A p . Moreover, f → P f defines a linear continuous operator P :
Remark We use the terminology "linear continuous operator" instead of "continuous endomorphism" which is included in the title of this paper. We use these two terms in the same meaning. The latter is shorter but the former seems to be more familiar in functional analysis.
Proof Using Lemma 2.1 and the estimation (3.5) of (IV) for a α , we have for any f ∈ A p,τ ,
Here we have used the following two inequalities:
If ε is sufficiently small, the last sum in (3.6) converges. For such an ε > 0, we set τ ′ = B + s p τ and
Hence P f ∈ A p,τ ′ and we have obtained the continuity of P :
Let us define a family of entire functions {a α (z)} (α ∈ Z n ≥0 ) by
where the convergence in A p shall be proved together with their estimates. We define a formal differential operator P of infinite order by
Firstly we show P ∈ D p . For any β ∈ Z n ≥0 , we have
In fact, |z β | exp(−τ |z| p ) is dominated by
if |z| = r. Taking the maximum of this function with respect to r, we obtain (3.10). For any τ > 0, there exist C > 0 and τ ′ > 0 such that
Hence we have
For a given ε > 0, we can take τ > 0, C > 0 and τ ′ > 0 so that (3.7) and
hold. If we set B = τ + τ ′ , we have
for any α. This implies P ∈ D p . To finish the proof, we compute P f for f ∈ A p,τ . We take the Taylor expansion of f :
For any m ∈ N, we can write
We set f m,t (z) := ∂ m t f (tz). We have
, the (p, s p τ + τ ′ )-norm of the right-hand side of (3.14) converges to zero when m → ∞. This means that the Taylor expansion (3.13) converges in A p,τ ′′ for some τ ′′ > 0. By the continuity of F , we have
On the other hand, by the definition of a α , we have
Here we have used an identity
which holds for any β ≤ µ satisfying β = µ. This completes the proof.
Corollary 3.3
The set D p becomes a ring under natural addition and multiplication as differential operators.
The case of minimal type
(I) 0 For any ε > 0, there exist B > 0 for which
(II) 0 For any ε > 0, there exist B > 0 for which
(III) 0 For any ε > 0, there exist B > 0 such that
(IV) 0 For any ε > 0, there exist B > 0 such that
Definition 4.1
The set of all formal differential operator P of the form (4.1) satisfying one of the conditions (I) 0 -(IV) 0 is denoted by D p,0 .
Theorem 4.2 (i)
Suppose that P ∈ D p,0 has the form (4.1). For an entire function f ∈ A p,0 ,
converges and P f ∈ A p,0 . Moreover, f → P f defines a linear continuous operator P :
(ii) Let F : A p,0 −→ A p,0 be a linear continuous operator. Then there is a unique P ∈ D p,0 such that F f = P f holds for any f ∈ A p,0 .
Proof (i) We assume condition (IV) 0 for a α . Similar computations in (3.6) yield 
This means P : A p,0 → A p,0 is continuous.
(ii) For a given endomorphism F : A p,0 → A p,0 , we construct P = α a α (z)∂ α z in the same way as in Theorem 3.2, (ii), namely,
The right-hand side converges in A p,0 for any α. For any σ > 0, there exist C > 0 and σ ′ > 0 so that F z β p,σ ≤ C z β p,σ ′ holds for all β. Similar estimates to (3.12) work and we have
For any ε > 0, we choose σ, τ > 0 so that σ + τ < ε holds. We can take τ as τ < σ ′ . Hence a α p,ε ≤ a α p,σ+τ is dominated by
If we set
This implies P ∈ D p,0 . Convergence of the Taylor expansion of f in A p,0 can be proved similarly to Theorem 3.2, (ii). Hence F f = P f follows.
Corollary 4.3
The set D p,0 becomes a ring under natural addition and multiplication as differential operators.
Examples and comments
We give some examples of operators in D p or D p,0 . Note that any differential operators of finite order with coefficients in A p (resp. A p,0 ) belong to D p (resp. D p,0 ) for any p > 0.
Example 5.1 For a = (a 1 , a 2 , . . . , a n ) ∈ C n , the translation operator
belongs to D p and to D p,0 for any p > 0. The action of P is given as
We note that in [1] , [2] , a class of differential operators of infinite order was introduced, which was denoted by D p,0 . This is a subring of D p given in Section 3 and the subscript "0" in this notation is not relevant to that of D p,0 given in Section 4.
Example 5.2 Let σ be a positive number and set
This is a dilation operator, namely,
It follows from (3.10) that this operator belongs to D p for all p > 0. We can also see that P / ∈ D p,0 . If p < 2, this in an element of D p on C z for any t. Hence for every φ ∈ A p , (5.1) has a unique solution ψ = P φ which belongs to A p for any t.
Comments for generalization In this article, we considered the spaces A p or A p,0 for a constant order p. The proofs of the results obtained in Sections 3 and 4 are in fact valid for the case of the spaces of entire functions of exponential type with respect to a given proximate order ρ(r) introduced by Valiron [13] in one variable case (for such spaces in several variable case, see for example [9] ) and we can give the complete answer to the corresponding characterization problem of the continuous endomorphisms. We remark that in [7] , one of the authors considered this problem but gave only a partial answer which is incomplete comparing with the results of present article.
